We investigate cosmological scenarios with a non-minimal derivative coupling between the scalar field and the curvature, examining both the quintessence and the phantom cases in zero and constant potentials. In general, we find that the universe transits from one de Sitter solution to another, determined by the coupling parameter. Furthermore, according to the parameter choices and without the need for matter, we can obtain a Big Bang, an expanding universe with no beginning, a cosmological turnaround, an eternally contracting universe, a Big Crunch, a Big Rip avoidance and a cosmological bounce. This variety of behaviors reveals the capabilities of the present scenario.
I. INTRODUCTION
The cosmological research of the last three decades has elevated the role of scalar fields in the description of various sides of nature. Introduced as the driving mechanism for almost all inflation realizations [1] , the dynamics of scalar fields gained new interest after observations provided indications for an accelerated universe expansion [2] . In particular, the new concept of "dark energy" was easier to be described by an extra scalar field dubbed quintessence [3] , than with the traditional cosmological constant [4, 5] , and the corresponding cosmological behavior proves to be much richer.
However, although the general belief is that the data are far from being conclusive, some data analyses suggested that the cosmological constant boundary, that is the phantom divide, has been crossed in the near cosmological past [6] . The simplest way to explain this unexpected behavior is the use of a phantom scalar field instead of a canonical one, that is a scalar with a negative sign of the kinetic term in the Lagrangian [7] . Although the discussion about the construction of quantum field theory of phantoms is still open in the literature (see for instance [8] for the causality and stability problems of phantom fields, but also [9] for attempts in constructing a phantom theory consistent with the basic requirements of quantum field theory, with the phantom fields arising as an effective description), the richness and capabilities of phantom cosmology has gained significant interest in the literature, extended apart from dark energy to inflation area too [10] .
Apart from the aforementioned basic use of scalars (canonical or phantom ones), cosmological models where the fields are non-minimally coupled to gravity [11, 12] have been shown to present significant cosmological features, both for inflation and dark energy areas, and have been widely studied [13] . Additionally, one can further * Electronic address: msaridak@phys.uoa.gr † Electronic address: sergey˙sushkov@mail.ru extend these "scalar-tensor" theories, allowing for nonminimal couplings between the derivatives of the scalar fields and the curvature [14] , and these scenarios reveal interesting cosmological behaviors [15] .
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In our recent work [18] we examined the cosmological scenario of a quintessence field with non-minimal derivative coupling, and we extracted exact solutions in the case of zero potential. In the present work we are interested in extending this analysis in the case of non-zero potentials, and furthermore, for completeness, to perform it for both a quintessence and a phantom field. The plan of the manuscript is as follows: In section II we construct the scenario and we extract the cosmological equations. In section III we examine specific potential choices and we investigate the corresponding cosmological solutions for various parameter choices. Finally, in section IV we discuss the physical implications of the different universe evolutions, and we summarize the obtained results.
II. COSMOLOGY WITH NON-MINIMAL DERIVATIVE COUPLING
In this section we present the cosmological paradigm with non-minimal derivative coupling between a scalar field and the curvature. In order to describe the quintessence and the phantom field in a unified way we adopt the ε-notation, that is the parameter ε takes the value +1 for the canonical field and −1 for the phantom one.
A. Action and field equations
Let us construct a gravitational theory of a scalar field φ with non-minimal derivative couplings to the curva-ture. In general one could have various forms of such couplings. For instance in the case of four derivatives one could have the terms
;µν , κ 5 R ;µ φφ ,µ and κ 6 Rφ 2 , where the coefficients κ 1 , . . . , κ 6 are coupling parameters with dimensions of length-squared. However, as it was discussed in [14, 15, 18] , using total divergencies and without loss of generality one can keep only the first two terms. Thus, the action for the cosmological scenarios at hand writes:
where V (φ) is a scalar field potential, g µν is a metric, g = det(g µν ), R is the scalar curvature, G µν is the Einstein tensor, and κ is the single derivative coupling parameter with dimensions of length-squared.
Varying the action (1) with respect to the metric g µν leads to the gravitational field equations
with
Similarly, variation of the action (1) with respect to φ provides the scalar field equation of motion:
where V φ ≡ dV (φ)/dφ.
B. Cosmological equations
Throughout this work we consider a spatially-flat background geometry with a metric
where a(t) ≡ e α(t) is the scale factor, and dx 2 is the Euclidian metric. Thus, the Hubble parameter is simply H(t) ≡ȧ(t)/a(t) =α(t).
As usual we assume a homogenous scalar field, namely φ = φ(t). In this case the field equations (2) and (3) are reduced to the following system:
where a dot denotes a derivative with respect to time. Note that equations (6) and (7) are of second order, while (5) is a first-order differential constraint for α(t) and φ(t).
The constraint (5) can be rewritten as:
or equivalently asα
Therefore, as long as the parameters ε and κ and the potential V (φ) are given, the above relations provide restrictions for the possible values ofα andφ, since they have to give rise to non-negativeφ 2 andα 2 , respectively.
Let us now separate the equation for φ and α. For this aim we resolve equations (6) and (7) with respect toα andφ and, using the relations (8) and (9), we eliminatė φ andα from respective equations. We easily result to:
We mention however that although the φ-equation does not contains α-terms, the α-equation in general contains φ-terms arising from the potential V (φ).
III. COSMOLOGICAL SCENARIOS AND SOLUTIONS
In this section we examine specific cosmological scenarios, that is we consider specific potential choices.
The case of a canonical field under zero potential has been investigated in [18] . Thus, in this subsection we restrict ourselves in the case of a phantom field, that is ε = −1. The field equations (5)- (7) now read
The constraint (12) can be rewritten as:
From these relations we deduce thatα andφ should obey the following conditions:
Note that these conditions are only fulfilled for κ < 0. Assuming κ = −k 2 , we finḋ
The separate φ and α-equations ( (10) and (11) respectively) read:
From these equations we deduce that the case at hand exhibits three qualitatively different cases:
In this caseα is positive, andα increases with time. The solution α is varying between two de Sitter asymptotics: α t→−∞ = t/3k and α t→∞ = t/ √ 3k.
One has exactly the de Sitter solution
In this caseα is negative, anḋ α decreases with time. Nevertheless, we remind thatα remains larger than 1/ √ 3k always. The solution α(t) is varying between two asymptotics. The t → ∞ asymptotic is the de Sitter one: α t→∞ = t/ √ 3k. The second asymptotic can be obtained as follows: Assumingα → ∞ at t → t i gives the following asymptotical form of Eq. (22)
with the asymptotic solution
Thus, by construction, the moment t = t i corresponds to a cosmological singularity.
In order to present this cosmological behavior more transparently, we perform a numerical elaboration of the model at hand, namely of equation (22) The evolution of α(t) in the phantom case with zero potential. The dash-dotted and dotted lines denote the de Sitter asymptotics t/3k and t/ √ 3k, respectively. The solid lines corresponds to α(t) with (a) (9k
. singular behavior of α(t) means that the scale factor itself (a(t) = e α(t) ) starts from zero at some initial time.
In this particular scenario the separate φ and α-equations (10) and (11) read:
where for simplicity we have defined H Λ = 8π|Λ|/3 and ε Λ = sign Λ. It proves convenient to consider separately the various cases arising from specific choices of the parameters ε, Λ, and κ, and in the following we present the eight qualitatively different cases of the scenario at hand.
It is easy to see that the α-equation (28) has three trivial particular solutions: (i) α(t) = H Λ t, (ii) α(t) = t/ √ 3κ, and (iii) α(t) = t/ √ 9κ. Sequentially, substituting them into the whole system of field equations (5)- (7), one may straightforwardly find the following exact solutions:
which describe de Sitter universes. However, the third solution α(t) = t/ √ 9κ cannot in general satisfy equations (5)- (7) (apart from the fine-tuned case 1/ √ 9κ = H Λ ). More generally, the constraint (8) gives the following restrictions forα 2 :
where x , and thuṡ α is decreasing or increasing with time. As it is deduced, the corresponding solutions for α(t) are varying between the two de Sitter asymptotics depending on values of parameters H Λ and κ. This behavior can be observed in Fig. 2 , arisen from numerical elaboration.
In this case equations (5)- (7) have the de Sitter solution α(t) = H Λ t, φ(t) ≡ φ 0 = const. Additionally, the constraint (8) yieldsα
Under this conditionα, given by relation (28), is negative andα is decreasing with time. The corresponding solution α(t) is singular at some initial moment of time, i.e., lim t→ti α(t) = −∞, while for large times α(t) tends to de Sitter asymptotic H Λ t. This behavior can be seen in Fig. 3 . The evolution for α(t) for ε = 1 (quintessence), Λ > 0, κ > 0 (case B1). The dashed, dash-dotted, and dotted lines denote de Sitter asymptotics α(t) = HΛt, t/ √ 9κ, and t/ √ 3κ, respectively. A solid line corresponds to α(t) with (a) B3. ε = −1, Λ > 0, κ > 0. For these parameter choices, equations (5)- (7) have the de Sitter solution α(t) = H Λ t, φ(t) ≡ φ 0 = const. Generally, the constraint (8) giveṡ B4. ε = −1, Λ > 0, κ < 0. In this case equations (5)- (7) possess two different de Sitter solutions:
The constraint (8) now yieldṡ
where x 1 = min(1/9κ, H The evolution of α(t) for ε = −1 (phantom), Λ > 0, κ < 0 (case B4). The dashed, dash-dotted, and dotted lines denote the de Sitter asymptotics α(t) = HΛt, t/ 9|κ|, and t/ 3|κ|, respectively. The solid lines corresponds to α(t) with (a) . B5. ε = 1, Λ < 0, κ > 0. In this case the constraint (8) leads tȯ
Under this conditionα, from relation (28), is negative andα is decreasing with time. The corresponding solution for α(t) varies between the two de Sitter asymptotics: α t→−∞ ≈ t/ √ 9κ and α t→∞ ≈ −t/ √ 9κ. These features are presented in Fig. 6 , arisen from numerical elaboration. . B6. ε = 1, Λ < 0, κ < 0. For these parameter sub-class, the constraint (8) does not lead to any restriction on the values ofα 2 . Additionally, the second derivativeα, from (28), is negative andα is decreasing with time. The corresponding solution for α(t) varies between the two singular solutions: α t→±t * = −∞. This behavior can be seen more transparently in Fig. 7 . . B7. ε = −1, Λ < 0, κ > 0. In this particular case, the constraint (8) cannot be fulfilled. Therefore, there are no solutions corresponding to this scenario sub-class.
In this case equations (5)- (7) posses the following de Sitter solution:
The constraint (8) now giveṡ
Under this conditionα from (28) is positive if 1/9|κ| < α 2 < 1/3|κ|, and negative ifα 2 > 1/3|κ|; respectively,α is increasing or decreasing with time. The two possible types of solutions for α(t) are presented in Fig. 8 , arisen from numerical elaboration. The evolution of α(t) for ε = −1 (phantom), Λ < 0, κ < 0 (case B8). The dash-dotted, and dotted lines denote de Sitter asymptotics α(t) = t/ 9|κ|, and t/ 3|κ|, respectively. The solid curve corresponds to α(t) with (a) 1/9|κ| <α 2 < 1/3|κ|; (b)α 2 > 1/3|κ|. We have considered H . We close this subsection by mentioning that for Λ → 0, the scenario at hand coincides with the previously studied quintessence case with V = 0 [18] , or with the phantom with V = 0 examined in the previous subsection.
Finally, note that in principle one could extend the aforementioned analysis to more complicated potentials, such as the exponential and the power-law one. Unfortunately, the complexity of the non-minimal derivative coupling does not allow for the extraction of any analytic solutions in these cases. The examination of the cosmological behavior of such scenarios must be based on numerical investigation, and this is left for a future investigation [19] .
IV. DISCUSSION AND CONCLUSIONS
In this work we investigated cosmological scenarios where there is a non-minimal derivative coupling between the scalar field and the curvature. In order to be complete, we considered both quintessence and phantom fields, although the later case could be ambiguous at the quantum level. Finally, in order to examine the pure effects of these scenarios, we have not included the matter content of the universe, although this can be straightforwardly taken into account.
A first observation is that the non-minimal derivative coupling leads to qualitatively different behavior, comparing to the uncoupled case, even for the simple cases of zero or constant potentials. In particular, as we observe the universe evolves between two asymptotic de Sitter solutions, characterized by the strength of the coupling. In the limit where the coupling tends to zero and in the cases where the solutions exist, these two asympotics coincide and the system acquires only one de Sitter solution, namely the one that is exhibited from the corresponding conventional (that is uncoupled) model of a universe without matter. We mention that the transition between the two de Sitter solutions is a pure effect of the non-minimal derivative coupling, and it does not require the presence and the role of matter. Finally, note that as time roll backwards, the scale factor of the universe (a(t) = e α(t) ) can be either eternally decreasing, or become zero at some initial time. Thus, our scenario exhibits either the Big Bang, or it corresponds to an eternally expanding universe with no beginning, with the later case arising easily, without the need of a specially designed potential as in conventional cosmology [20] .
An additional feature of the scenario at hand is the radically different evolution of a quintessence universe in some solution sub-classes. In particular, for negative cosmological constant and positive coupling (case B5) the scale factor of the universe is growing, it reaches a maximum, and then it decreases. This is the realization of the cosmological turnaround, in which the universe transits from expansion to contraction [5, 21] . The fact that this is obtained solely from the dynamics of the non-minimal derivative coupling, without the need for matter or for exotic gravitational terms, makes the scenario at hand very interesting. Lastly, note that the contracting phase is eternal, that is the universe does not result to a Big Crunch [5] .
In similar lines, in the quintessence case with negative cosmological constant and negative coupling (case B6), the scale factor starts from zero at some initial time and returns to zero at some final time. This is the realization of a universe starting from a Big Bang and ending with a Big Crunch [5] , and the fact that this is obtained without the need of matter is a novel effect of the non-minimal derivative coupling.
The phantom evolution exhibits also the aforementioned behavior. Apart from an eternally expanding universe, including the transition between two de Sitter solutions, as we observe in Fig. 5 (e) (case B4), that is for positive cosmological constant and negative coupling, the universe can experience the cosmological turnaround. This is radically different comparing to the uncoupled phantom scenarios, which not only cannot experience the turnaround, but on the contrary, in the absence of matter they result to a Big Rip [22] . It seems that the nonminimal derivative coupling smoothers or (for large coupling) completely alters the evolution, leaving phantom cosmology free of a Big Rip. This new and significant behavior reveals the richness of the scenario at hand.
However, the phantom case exhibits an additional surprising feature, that is not present in the quintessence scenario. As we observe in Fig. 4 (case B3 , that is positive cosmological constant with positive coupling), as well as in Fig. 5(d) (case B4, that is positive cosmological constant with negative coupling), the universe can transit from the contracting to the expanding phase, without meeting any singularity. This is just the cosmological bounce [23] , and its realization from a sole phantom field make the scenario at hand very interesting.
In summary, the paradigm of non-minimal derivative coupling either in the quintessence or in the phantom case, may have important cosmological implications, even in its simplified realization where matter is absent. Apart from the transition between different de Sitter solutions, according to the parameter choices we can obtain a Big Bang, an expanding universe with no beginning, a cosmological turnaround, an eternally contracting universe, a Big Crunch, a Big Rip avoidance and a cosmological bounce, and this variety of behaviors reveals the capabilities of the scenario. Furthermore, one could generalize this paradigm in the case where both the quintessence and the phantom fields are present, that is to generalize the so called "quintom" paradigm [24] in the case of nonminimal derivative coupling. In these scenarios one could obtain the combination of the above behaviors, such as to obtain a cyclic cosmology [25] . Definitely, this subject deserves further investigation.
